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1 Introduction
Entanglement entropy has attracted a lot of interest in the string theory community because
of the connection it makes between a well-defined classical geometric quantity and a purely
quantum phenomenon through the Ryu-Takayanagi proposal [1]:
SA =
Area(γA)
4GN
, (1.1)
where SA is the entanglement entropy of a region A in a CFT and γA is an extremal surface
in the bulk of the dual space-time that has the same boundary as A. In addition to the
obvious application of learning something new about strongly-coupled field theories, this
proposal has been used to understand gravity as a consequence of information-theoretic
considerations [2, 3]. In the same spirit (but from a field theory point of view), we would
like to use entanglement entropy to better understand how the degrees of freedom of field
theories on noncommutative geometries are distributed.
Locality makes the leading-order UV divergence of the entanglement entropy between
two regions scale like the area of the boundary between them [4, 5], so we can use en-
tanglement entropy to probe the degree of non-locality of a quantum field theory at short
distances. Conversely, mutual information is calculated from the finite parts of entangle-
ment entropy. It provides a bound on the range of correlations [6] and can therefore be
seen as a measure of non-locality in the IR.
Holographic calculations of entanglement entropy on noncommutative geometries have
shown a departure from the area law [7, 8]. Furthermore it was also shown in [8] that
mutual information for strongly-coupled theories behaves differently in commutative and
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non-commutative theory due to UV/IR mixing. In [9], it was shown that a departure
from an area law behaviour can also be seen on the fuzzy sphere through a field theory
calculation.1 The effect was shown to persist even in the so-called “commutative” limit,
another sign of an UV/IR connection in entanglement entropy.
In this paper, we examine the properties of mutual information for a massive free
scalar field on both a commutative and a noncommutative sphere in the hope that the
comparison will teach us something about the distribution of degrees of freedom and the
IR structure of the theory. The commutative theory is regularized by discretizing the polar
angle θ. We find that mutual information between two regions separated by an annulus of
variable width is the same for the commutative and noncommutative theories both when
the theory is conformal and when it is not.
The remainder of this paper is organized as follows. In section 2, we introduce our
procedure to regularize the commutative sphere and briefly recall the construction of field
theory on the fuzzy sphere. In section 3, we review the leading-order behaviour of entan-
glement entropy before examining mutual information on both theories. We conclude in
section 4 by discussing some of the implications of our results and possible future work.
2 Actions and numerical set-up
Consider a quantum-mechanical system living in a Hilbert space H = HA ⊗ HA¯, with
ground state |Ψ〉. An observer living in A, for whom A¯ is inaccessible, sees the ground
state as a density matrix defined as
ρA = TrA¯ (|Ψ〉〈Ψ|) . (2.1)
The entanglement entropy (see, e.g. [12]) of A is then the von Neumann entropy of ρA:
SA = −TrA (ρA log ρA) . (2.2)
Given a Hamiltonian of the form
H =
1
2
N∑
i,j=1
(δijpipj + xiKijxj) , (2.3)
with Kij a positive-definite matrix and [xi, pj ] = iδij , it is a straightforward exercise to
calculate the ground-state entanglement entropy associated with the “ region” i ≤ I ([4,
13]). Simply define
[XI ]ij =
1
2
[K−1/2]ij , [PI ]ij =
1
2
[K1/2]ij , i, j ≤ I , (2.4)
and the entanglement entropy is
SI = Tr
{(
XI · PI + 1
2
I
)
log
(
XI · PI + 1
2
I
)
−
(
XI · PI − 1
2
I
)
log
(
XI · PI − 1
2
I
)}
.
(2.5)
1For previous calculations of entanglement entropy on the fuzzy sphere, see [10, 11].
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The mutual information between two disjoint regions A and B is defined as
I(A,B) = SA + SB − SA∪B , (2.6)
and can therefore be calculated using (2.5) as well.
2.1 Regularized sphere
We wish to calculate the entanglement entropy between a polar cap and its complement for
the ground state of a real scalar field on a sphere of radius 1. This is a divergent quantity,
therefore we must start by regularizing the field theory. The most natural regularization
scheme on a spherical geometry is to expand functions in spherical harmonics and cut off
the expansion at some highest mode N . However, this is not the most useful procedure in
this situation for two reasons: the Hamiltonian expressed in terms of spherical harmonics
modes is diagonal (which is usually a desirable feature but leads to zero entanglement
entropy) and there is no simple way to associate contiguous regions to ranges of modes.
Given that the regions that interest us are polar caps, the next most natural regular-
ization scheme (in the spirit of the one presented in [4]) is simply to cut up the continuous
polar θ variable into an evenly-spaced mesh and expand the azimuthal coordinate φ in
spherical harmonics. The field theory Hamiltonian is
H =
1
2
∫
dΩ
(
Π2 + |∇Φ|2 + µ2Φ2) , (2.7)
with the usual canonical commutation relation [Φ(Ω),Π(Ω′)] = iδ(Ω − Ω′). We can write
H as:
H =
1
2
∫
dΩ
(
Π2 +
(
∂Φ
∂θ
)2
+
1
sin2 θ
(
∂Φ
∂φ
)2
+ µ2Φ2
)
. (2.8)
Define:2
Φ(θ, φ) =
1√
pi sin θ
[
b0√
2
+
∞∑
m=1
(am sinmφ+ bm cosmφ)
]
, (2.9)
Π(θ, φ) =
1√
pi sin θ
[
d0√
2
+
∞∑
m=1
(cm sinmφ+ dm cosmφ)
]
. (2.10)
One can check that the Fourier coefficients are (m > 0):
am =
√
sin θ
pi
∫ 2pi
0
dφΦ(θ, φ) sinmφ , bm =
√
sin θ
pi
∫ 2pi
0
dφΦ(θ, φ) cosmφ ,
cm =
√
sin θ
pi
∫ 2pi
0
dφΠ(θ, φ) sinmφ , dm =
√
sin θ
pi
∫ 2pi
0
dφΠ(θ, φ) cosmφ ,
b0 =
√
sin θ
2pi
∫ 2pi
0
dφΦ(θ, φ) , d0 =
√
sin θ
2pi
∫ 2pi
0
dφΠ(θ, φ) , (2.11)
2A similar scheme was presented in [14].
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and that the non-vanishing commutation relations are:
[am(θ), cm′(θ
′)] = [bm(θ), dm′(θ′)] = iδ(θ − θ′)δmm′ . (2.12)
The first term of the Hamiltonian is (taking a0 = c0 = 0 for simplicity of notation):
1
2
∫
dθ
∞∑
m=0
(c2m + d
2
m) . (2.13)
The second term is:
1
2
∫
dθ sin θ
∞∑
m=0
[(
∂
∂θ
am√
sin θ
)2
+
(
∂
∂θ
bm√
sin θ
)2]
, (2.14)
and the third and fourth are:
1
2
∞∑
m=0
∫
dθ
(
m2
sin2 θ
+ µ2
)(
a2m + b
2
m
)
(2.15)
We relabel our terms so that
Φm = bm, Πm = dm (m ≥ 0)
Φm = a−m, Πm = c−m (m < 0) . (2.16)
Now, we discretize the polar coordinate:
θ → θn = n pi
N
n = 1 . . . N − 1 . (2.17)
Since our continuous coordinates are now approximated by a mesh, we must replace the
integrals above with Riemann sums. For the first and third terms, we use the trapezoidal
rule: the integral is approximated as the average of the left and right Riemann sums, with
an error of O(1/N2) (as opposed to O(1/N) for just a left or a right sum). For the second
term, we pick a middle Riemann sum, evaluating the summands at the half-point of each
interval. This also has an error of O(1/N2). The above terms become:
1
2
∞∑
m=−∞
pi
N
(
1
2
Πm(θ1)
2 +
N−2∑
n=2
Πm(θn)
2 +
1
2
Πm(θN−1)2 +O(1/N2)
)
, (2.18)
1
2
∞∑
m=−∞
N−2∑
n=1
pi
N
sin θn+ 1
2
[(
∂
∂θ
Φm(θ)√
sin θ
)2]
θ=θ
n+12
+O(1/N2)
 , (2.19)
1
2
∞∑
m=−∞
pi
N
(
1
2
(
m2
sin2 θ1
+ µ2
)
Φm(θ1)
2 +
N−2∑
n=2
(
m2
sin2 θn
+ µ2
)
Φm(θn)
2 (2.20)
+
1
2
(
m2
sin2 θN−1
+ µ2
)
Φm(θN−1)2 +O(1/N2)
)
.
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We evaluate the derivative by taking the symmetric difference around the point it is
evaluated at. This has an error of O(1/N2), so the error on that part of the Hamilto-
nian does not change orders of magnitude. We define Φm,n =
√
pi
NΦm(θn) and Πm,n =√
pi
NΠm(θn). The commutation relations are now [Φmn,Πm′n′ ] = iδmm′δnn′ and the above
terms take the form:
1
2
∞∑
m=−∞
(
1
2
Π2m,1 +
N−2∑
n=2
Π2mn +
1
2
Π2m,N−1
)
, (2.21)
1
2
∞∑
m=−∞
(
N−2∑
n=1
N2
pi2
sin θn+ 1
2
[
Φm,n+1
sin θn+1
− Φm,n
sin θn
]2)
, (2.22)
1
2
∞∑
m=−∞
(
1
2
(
m2
sin2 θ1
+ µ2
)
Φ2m,1 +
N−2∑
n=2
(
m2
sin2 θn
+ µ2
)
Φ2m,n (2.23)
+
1
2
(
m2
sin2 θN−1
+ µ2
)
Φ2m,N−1
)
.
We make a final set of re-definitions to ensure we have both canonical commutation relations
and properly scaled momenta in the Hamiltonian: Π˜m,n =
1√
2
Πm,n and Φ˜m,n =
√
2Φm,n
for n = 1 and n = N − 1. We omit the tilde for simplicity. The Hamiltonian is now:3
H =
1
2
∞∑
m=−∞
(
N−1∑
n=1
Π2mn +
N2
pi2
[
sin θ3/2
2 sin θ1
Φ2m,1 +
sin θN−3/2
2 sin θN−1
Φ2m,N−1 +
N−2∑
n=2
2 cos
( pi
2N
)
Φ2mn
−
√
2 sin θ3/2√
sin θ1 sin θ2
Φm,1Φm,2 −
√
2 sin θN−3/2√
sin θN−1 sin θN−2
Φm,N−1Φm,N−2
− 2
N−3∑
n=2
sin θn+1/2√
sin θn sin θn+1
Φm,nΦm,n+1
]
+
1
4
(
m2
sin2 θ1
+ µ2
)
Φ2m,1
+
N−2∑
n=2
(
m2
sin2 θn
+ µ2
)
Φ2m,n +
1
4
(
m2
sin2 θN−1
+ µ2
)
Φ2m,N−1
)
. (2.24)
H decouples into Hm’s that do not depend on the sign of m, so we can write:
H = H0 + 2
∞∑
m=1
Hm . (2.25)
We can evaluate the contributions to entanglement entropy and mutual information
coming from each of these Hm’s using the method outlined previously and obtain the total
entanglement entropy with
S = S0 + 2
∞∑
n=1
Sm . (2.26)
When |m| > N , the diagonal terms in Hm are generically larger than the off-diagonal ones.
In other words, the Φm,n decouple at large m, which suggests that the sum (2.26) converges
3Using the fact that
sin
(
(n−1/2)pi
N
)
+sin
(
(n+1/2)pi
N
)
sin(npiN )
= 2 cos pi
2N
.
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and therefore we can approximate it numerically by cutting it off at some mmax = N
p for
some power p > 1. The appendix offers numerical evidence for this statement.
2.2 Fuzzy sphere
The noncommutative sphere is obtained by replacing Cartesian coordinates xi, i =
1, 2, 3 with
Xi = R
Li√
J(J + 1)
, (2.27)
where Li are the generators of the N = 2J + 1-dimensional irreducible representation of
SU(2), i.e. [Li, Lj ] = iijkLk.
This can be motivated by the fact that LiLi = J(J + 1)I, so that XiXi = R2I, just
like we have xixi = R
2 for a commutative sphere [15, 16]. A real scalar field on the fuzzy
sphere corresponds to an N × N Hermitian matrix Φ, and the Laplacian acting on the
field is
− 1
R2
[Li, [Li,Φ]] , (2.28)
since the Li generate rotations. Integration on the fuzzy sphere is a trace
4piR2
N
Tr(·) , (2.29)
with the prefactor chosen so that the identity function maps to the unit matrix. The
Hamiltonian for a free scalar field on the fuzzy sphere is then
H =
4piR2
N
1
2
Tr
{
Φ˙2 −R−2[Li,Φ]2 + µ2Φ2
}
. (2.30)
This is at most quadratic in every matrix element [Φ]ij , we can therefore in principle calcu-
late the entanglement entropy between any subset of those and the rest using equation (2.5).
For example,4 by labeling the entries of Φ as
Φ =

Φ1
Φ2+iΦ3√
2
Φ4+iΦ5√
2
Φ7+iΦ8√
2
. . .
Φ2−iΦ3√
2
Φ6
Φ9+iΦ10√
2
. . . . . .
Φ4−iΦ5√
2
Φ9−iΦ10√
2
. . . . . . . . .
Φ7−iΦ8√
2
. . . . . . . . . . . .
. . . . . . . . . . . . . . .

(2.31)
we can write the Hamiltonian in the form of (2.3) with
[K]ij ∼ −1
2
∂2Tr([Li,Φ]
2)
∂Φi∂Φj
+ µ2δij . (2.32)
4This form, introduced in [9], is intuitively clear but not very efficient numerically. [10] gives an equivalent
but faster prescription.
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θ
1 N
(1-cos(θ)) x
(N-1/2)
N
Figure 1. Degrees of freedom on a fuzzy sphere and matching matrix components [9].
The only difficulty lies in identifying which subset of Φi correspond to field values in a
certain geometrical domain. Fortunately, an answer was provided in [9]: the degrees of
freedom above the kth anti-diagonal correspond to a range of polar angles [0, θ] with
cos θ = 1− k
N − 12
, (2.33)
as illustrated in figure 1. This boundary is of course not perfectly sharp: it has a thickness
of O( R√
N
). It should be pointed out that the natural UV cutoff for the theory we are
considering here is of O(RN ) since there are N2 degrees of freedom spread on an area of
4piR2. From now on, we set R = 1 for the fuzzy sphere. Some possible implications of the
difference between the width of the boundary and the UV cutoff were discussed in [9], but
they do not concern us much here.
More potentially significant is the fact that the apparent distribution of UV degrees
of freedom on the fuzzy sphere does not converge to that of the commutative sphere.
Using equation (2.33), we can calculate that distribution on the fuzzy sphere along the
polar direction by simply counting the number of elements in the corresponding part of the
matrix. The fraction of matrix degrees of freedom corresponding to field degrees of freedom
in a polar cap of area A grows roughly as A2, in contrast to the constant density of degrees
of freedom on a commutative sphere. We can examine this in more detail by looking at rings
centered at varying polar angles θ. Consider two polar caps described by matrix degrees
of freedom corresponding to triangles ending at k and k + 1. These caps have an area of
2pik/N and 2pi(k+ 1)/N respectively, making the area of the ring formed by removing the
smaller cap from the larger cap 2pi/N (independent of the position of the ring). But the
value of the field on this ring is represented in the matrix by the k degrees of freedom in
the kth anti-diagonal line. Therefore, the fraction of matrix degrees of freedom describing a
ring centered on θ is kN(N+1) =
1−cos θ
N+1 . However, on a regularized commutative theory we
would expect a fixed density of degrees of freedom per unit area. These two distributions
are illustrated in figure 2. It is interesting that, despite this apparent difference between
the two theories, the UV-finite mutual information is the same, as we will show.
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Figure 2. Fraction of total number of degrees of freedom in a ring of constant area centered at
polar angle θ. The solid red line is for the fuzzy sphere at N = 100, the dashed blue line corresponds
to a fixed density.
3 Results
3.1 Entanglement entropy
We start by calculating the entanglement entropy of a polar cap for caps of varying size.
In [9], it was shown that the entanglement entropy on a fuzzy sphere was not proportional
to the length of the boundary (i.e. an “area” law) but was extensive for small regions
and sub-extensive for larger ones, as seen in figure 3(a). Numerically, it appears that the
entanglement entropy follows a curve of the form S ∼ sin2 θ, where θ is the polar angle
where the cap ends. There are several possible interpretations of this result, which were
discussed in [9]. Notably, for small θ we have S ∼ θ2. This is consistent with a volume
law behaviour, which must cease to be applicable as we get closer to the equator since
symmetry dictates that S(θ) = S(pi − θ). Alternatively, sin2 θ = V (1 − V ), with V the
fractional two-dimensional “volume” (i.e. the area) of the polar cap. Another possible
interpretation is that sin2 θ ∼ A2, with A the one-dimensional “area” (i.e the length) of
the boundary.
In contrast, the same quantity on the commutative sphere behaves as we would expect
it to, as seen in figure 3(b). We can clearly see that the relation between the length of
the boundary and the entropy is linear, with a very small y-intercept that is an artifact of
discretization:
Scomm ≈ aA . (3.1)
We can study the parameter a as a function of N , as seen in figure 4. We can see that
it has a term linear in N, as expected, and a constant term: a = a1N + a2. Therefore, we
can write
Scomm = α
A

+ βA+ · · · , (3.2)
where ‘· · · ’ stands for terms that go to zero as  → 0. Since  = piN , our fit tells us that
α = 0.074 and β = −0.068.
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(a) Fuzzy sphere (b) Commutative sphere
Figure 3. Entanglement entropy vs. area of boundary on a commutative sphere with N = 75
for µ = 1.0.
Figure 4. Slope a of Scomm vs. A at different N, with µ = 1.0 on the commutative sphere. The
red fit line takes the form: a = 0.0236N − 0.0682.
3.2 Mutual information
The easiest UV-finite quantity to calculate from entanglement entropy is the mutual in-
formation between two polar caps separated by an annulus centered on the equator with
width δ (see figure 5(a)). Figure 6 shows the result of this calculation for a fixed angular
separation of about 0.2pi:5 it is easy to see that it asymptotes to a finite value as N is
increased for both the commutative and fuzzy spheres and that the value for both cases is
similar. They appear to be consistent. We can repeat the calculation for various widths of
5Because of the differences in regularization, polar caps on the commutative and fuzzy spheres do not
actually have their boundaries at the same θ. We have picked here polar caps that are separated by
0.2pi ≈ 0.628 for the commutative sphere and the closest possible value on the non-commutative sphere:
θ ≈ 0.609
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A
B
δ/2
δ/2
(a) Regions on the sphere
rA
rB
A
B
ε
(b) Regions conformally mapped to the
plane
Figure 5. Regions A and B between which we calculate the mutual information I(A,B).
Figure 6. Mutual information for two polar caps separated by an annulus centered on the equator.
On the commutative sphere, the annulus has a width of 0.628 rad and I(A,B) goes to 0.12 faster
than 1N . On the fuzzy sphere, the annulus has a width off 0.609 rad and I(A,B) it goes to 0.13
faster than 1N .
the central annulus. This is shown in figure 7, where we can also see the convergence to a
finite value as N increases.
The δ ∼ 0 and δ ∼ pi regions can be studied analytically for a conformally coupled
theory, i.e. for µ2 = 18R, where R = 2R2 = 2.0 is the curvature of the sphere. Following
the argument in appendix A of [14] and using results from [17] , we note that R × S2 is
conformally related to R1,2 by
t± r = tan
(
τ ± θ
2
)
, φ = φ , (3.3)
where the left-hand side coordinates are those on the plane and the right-hand side ones are
those on the sphere. An entangling surface τ = 0, θ = θ0 corresponds to a circle centered
at zero with radius tan θ0/2. Polar caps with θ =
pi±δ
2 are then mapped to concentric disks
on the plane centered at zero with radii r1,2 = tan
(
pi±δ
4
)
. The only conformally invariant
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Figure 7. Mutual information for two polar caps separated by an annulus of angular width δ
centered on the equator, µ = 1.0.
quantity that can be constructed from geometrical data on these two disks is the cross-ratio
x =
4r1r2
(r1 − r2)2 = cot
2(δ/2) . (3.4)
Since mutual information is invariant under conformal transformations, it must have an
expansion in powers of x. It was shown in [18] that as x → 0 (i.e. in the region where
δ ∼ pi) the mutual information takes the form of
I(δ) =
1
12
x+O(x2) ≈ 1
12
cot2
δ
2
. (3.5)
The δ ∼ 0 behaviour can be obtained by looking at the limit when |r1 − r2| → 0 and
matching to the area law [14]. Using the result in [13], we know that
I(δ) ≈ 0.0397A
ε
, (3.6)
where A is the length of the boundary between the two disks in flat space and ε is the
distance between them (see figure 5(b)). We take A = 2pi
√
r1r2 (the geometric mean of
the boundary lengths) and ε = |r1 − r2| to obtain [14]
I(δ) ≈ 0.0397 · 2pi
√
r1r2
|r1 − r2| ≈ 0.125 cot
δ
2
. (3.7)
Figure 8 shows the mutual information for a conformal scalar on the fuzzy sphere at a
high value of N, as well as curves for both the small and large δ behaviour of a conformal
scalar on the commutative sphere. We can see that these agree when we expect them to.
To ensure that the symmetry of the previous setup does not lead to unusual cancella-
tions, we can consider more generic regions A and B. The most convenient configuration is
to fix the size of A and vary the width δ of the annulus. The results for a particular size of
A are shown in figure 9: we can again see a striking agreement between the commutative
and non-commutative theories.
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Figure 8. Mutual information on the fuzzy sphere for two polar caps separated by an annulus of
angular width δ centered on the equator. Calculation done at conformal coupling (µ = 0.5) with
N=300. The solid and dashed lines correspond to the analytical predictions (3.7) and (3.5) for a
commutative sphere at small and large δ respectively.
Figure 9. Mutual information between a polar cap A of fixed size and a region B separated by
A by an annulus of size δ. On the commutative sphere , A terminates at θ ≈ 0.44 rad and on the
fuzzy sphere it terminates at θ ≈ 0.45 rad. In both cases,N = 100 and µ = 1.0.
4 Discussion and outlook
In this paper, we have calculated the entanglement entropy for free scalar fields on a
sphere. We have confirmed the expected area-law UV divergence even when the theory is
not conformal, and reiterated that this area law is not followed by the noncommutative
theory. We have also seen that the mutual information is the same for the commutative and
noncommutative spheres. We calculated this not only in the case of conformal coupling,
– 12 –
J
H
E
P
0
2
(
2
0
1
5
)
0
6
3
where we could make an analytical prediction, but also at non-conformal mass. There are
two things to note here. First, the mutual information for a non-conformal scalar field
behaves qualitatively like the mutual information for the very specific case of a conformal
field. More importantly, mutual information on the fuzzy sphere matches that on the
commutative sphere. This validates the approach, first taken in [9], of identifying upper-left
triangles of the field matrix with the value of the field on polar caps (as in figure 1). While
this approach appears to create an exotic distribution of degrees of freedom (as described
at the end of section 2.2), the behaviour of low-energy modes is unaffected, at least for free
field theories. It would be interesting to understand this further. In particular, it would
be interesting to understand how the IR degrees of freedom arise from the matrix model.
In light of our result, the differing behaviour of mutual information seen in [8] cannot
be solely attributed to noncommutativity. Instead, it is likely caused by a combination
of noncommutativity, strong coupling and large Nc. A natural extension of this present
work is therefore to find a way to repeat the calculation of mutual information in a coupled
non-commutative field theory to see if that is enough to create a change.
One could also take as a starting point the theory with conformal mass and treat the
non-conformal mass as a perturbation to a CFT in order to calculate analytically mutual
information for the non-conformal theory, using the framework presented in [19].6 This
approach has been taken to analytically study renormalized entanglement entropy (REE)
for a scalar field on a commutative plane [20]. The influence of relevant perturbations on
REE for a scalar field on a commutative sphere has also been studied numerically [21, 22].
It would be interesting to compare REE on a noncommutative sphere to that on an ordinary
sphere, given that we found large differences in the UV but agreement in the IR.
Finally, it could be instructive to look at mutual information in other non-local theories
where entanglement entropy is known to violate the area law, such as in [23] or [24].
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A Convergence
The infinite sum over azimuthal Fourier modes in (2.26) can be shown to converge numeri-
cally. To do so, we compute the entanglement entropy for a polar cap of small size (θ ≈ 35◦
and large size (θ ≈ 90◦) for different maximal m of the form mmax = Np (at different N).
The results are shown in figure 10. At m ∼ N4/3, the result differs from the asymptotic
value by less than 0.05%.
6I thank Aitor Lewkowycz for bringing this to my attention.
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Figure 10. Scaled entanglement entropy for µ = 1 at different N as a function of the power p of
the cutoff mmax = N
p.
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